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Abstract
A possible connection between the flavour structure of the charged fermions and
the large  −  mixing motivates an ansatz for the neutrino mass matrix with a
dominant block. We distinguish between a general form and the specic forms of the
ansatz, and concentrate on the cases of phenomenological interest. The general form
can incorporate an observable amount of CP violation in the leptonic sector. Only
specic forms can incorporate the Mikheyev-Smirnov-Wolfenstein solutions for solar
neutrinos, with small or large mixing angles. Other specic variants explain the Los
Alamos neutrino anomaly, or provide a two-neutrino hot dark matter component.
1 General form of the ansatz, CP-violation
Recently, a simple ansatz for neutrino masses was proposed [1, 2]:
L mass  −m ( ; ; e)






;;e are the neutrinos of a given flavour (bispinorial elds),  is a small parameter dis-




; v = 174 GeV;
where Mheavy is a heavy mass scale, suggestive of a seesaw explanation of the smallness
of the neutrino masses [3]. The elements of the mass matrix are specied up to (generally
complex) coecients of order of unity; whenever these coecients aect a relation, we will
use the symbols ; > and < . The ansatz is characterized by a \dominant block" in
the ;  subspace, in the sense that the elements of this block are much larger than the
others, as accounted by the parameter , and are comparable among them.
The underlying idea of this structure for the mass matrix is to identify  and  ;
but to distinguish them from e; in a model where known characteristics of the charged
fermions are also reproduced. It was suggested [1] that in SU(5) context, two matter elds
5 = (L;Dc) may have the same flavour properties (nonparallel family structure, in the
following \NFS model"). A single parameter  describes the flavour structure of charged
fermions:
 = 1=20 ’ m=m : (NFS value): (2)
The same goal was achieved by an anomalous U(1) family symmetry under which  and
 have the same charge [2] (\ABE model"), which suggested instead the identication
with a power of the Cabibbo angle:
 = 8  10−3 ’ (cos c)
3 (ABE value): (3)
The simplicity of the neutrino mass matrix that one gets is remarkable and perhaps of
profound meaning. We will discuss this ansatz and its implications, in the two models
above and in more generic cases (that is, treating  as a parameter). Our aim in particular
is: (a) to disentangle the generic and specic features of the ansatz in eq. (1), and (b) to
identify its predictions.
The mass matrix in eq. (1) has only one massive eigenstate, mostly a combination of
the muon and tau neutrino flavour eigenstates, whereas the other two states are massless.
In general, this is modied when the factors of order unity are taken into account. There
are three typical features:
i) There are two massive neutrinos, 2 and 3; with masses of order m ; and with a
comparable mass splitting; one lighter state has of mass order m  2: The nat-
ural assumptions for the eigenvalues of the \dominant block" are therefore the
no-singularity hypothesis and the no-degeneracy hypothesis, the reference scale for
\small" mass being m  :
ii) The muon and tau neutrinos are mostly combinations of the two heavy states, with
a large mixing angle  ’ =4:
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iii) The electron neutrino is almost coincident with the lightest state 1, and has mixing
angles of order    with the heavier states (in another notation, jUe3j  jUe2j  ):
sin2(2)  (2)2 ’ 10−2 or 2:5  10−4; for NFS or ABE model (4)
Feature i) suggests m2  m2 ; unless the no-degeneracy hypothesis is not fullled.
Therefore, assuming that Mheavy  7  10
14 GeV, it is possible to incorporate the mass
splitting necessary for the explanation of atmospheric neutrinos m2atm ’ 2  10
−3 eV2:
Unfortunately, it is not possible to be more specic and predict whether m2atm > 2 10
−3
eV2 or the contrary is true (which is of crucial importance for the success of the K2K
experiment [4, 5]). The large mixing angle instead comes automatically due to ii); and
this is the most attractive feature of the ansatz. In fact, this permits to explain the
atmospheric neutrino anomaly [6] in terms of neutrino oscillations [7]. The mixing (4)
is quite close to the small mixing angle necessary for the adiabatic Mikheyev-Smirnov-
Wolfenstein (MSW) solution [8] of the solar neutrino problem, or to the angle required
to explain the LSND anomaly [9] (for NFS). But, generically, the two mass splittings
are comparable, for the no-singularity hypothesis: therefore, accounting for oscillations of
atmospheric neutrinos, the solar or LSND neutrino anomalies remain unexplained. We
will discuss in the following Sections the specic cases in which this conclusion does not
hold.
However, one could take a radically theoretical point of view, and suggest (based on
the ansatz, and on the mass scale chosen) that only the atmospheric neutrinos should be
explained by neutrino oscillations. This option would probably become more attractive if
the results of the chlorine experiments could not be reproduced, the SNO experiment [10]
failed to detect an excess of neutral current induced events1, the theoretical extimations
for solar neutrinos were much more uncertain than expected, and the LSND anomaly
was not conrmed by other experiments. The appealing feature of having two large mass
splittings is the possibility to search for CP-violation in the leptonic sector in terrestrial
experiments [12, 13], for instance by comparing the probabilities of conversion:
P ( ! e)− P ( ! e) = 4Jlept sin’21 sin’31 sin’32:
The phases of oscillations in vacuum ’ij = m
2
ijL=(4E) are comparable among them,
and of interest for terrestrial experiments since: m2ij  m
2
atm: The leptonic analogue






is suppressed due to the presence of two small mixings (eq. (4)): Jlept = O(
2) (or smaller,
depending on the phases). Observable eects in forthcoming experiments would imply:
 > 0:1;
that is not far from the value in the NFS model (2), but much larger than the value (3).
Another feature of the models (2) and (3), is that the electron neutrinos are not
expected to undergo any signicant oscillation in the atmosphere. Hence, the search for
a subdominant mixing by using the lowest energy neutrino-induced events [14, 15, 16, 17]
will also test the mass matrix (1). The present bound jUe3j2 < 0:15 at 90 % CL, obtained
in a model with a single neutrino 3 splitted in mass [14], suggests the limit:
2 < 0:1:
1An alternative interpretation would be in terms of existence of sterile neutrinos [11].
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This is far also from (2). (Notice that we estimated the sensitivity of the atmospheric
neutrino studies to small mixings; but, in order to assess precise bounds, it is necessary
to go beyond the usually [14, 15, 16, 17] kept hypothesis of degenerate 1 and 2:)
We oer a theoretical guess for a large value of ; compatible with both previous bounds,
and suggestive of a link between the neutrino mass matrix and the flavour structure:
 = cos c (\large" value): (5)
A component of oscillation jUe3j2 of this size could be detectable, studying the dependence
on the energy cuts of the observed event rates at the Super-Kamiokande (SK) [16].
2 Specic forms of the ansatz: Solar neutrinos
Alternatively, we are led to the conclusion that only quite specic versions of the ansatz
(1) for the neutrino masses, where feature i) is not valid, can reconcile the indications of
atmospheric neutrino oscillations with other neutrino anomalies. We are interested in the
specic subset of the mass matrices of type (1) that predict the existence of only one neu-
trino with mass of order m : We relax the hypothesis of non-singularity in the \dominant
block", introducing a new small parameter ; such that M=M =M=M +O()
(now, an eigenvalue of the dominant block is order m  ). On the theoretical side, we
remark that a relatively high degree of tuning is a valuable information on the flavour
structure, that goes beyond what is suggested by the NFS or ABE models, and in general
by the ansatz considered. Keeping in mind the seesaw [3] formula for the light neutrino
masses, M = −v2Y tM
−1
R Y ; such a tuning may suggest us that the determinant of (a
block of) the neutrino Yukawa couplings Y is (close to) zero, or that at leading order only
one eigenvalue of the right-handed neutrino mass MR is suciently light to contribute
to M: Similar arguments were proposed in [18], following a complementary approach to
neutrino masses: the classication of the possible texture zeros that are compatible with
the solar and atmospheric neutrino anomalies (notice that their \texture II" is equivalent
to the mass matrix we are considering, in the limiting case  =  = 0). After changing
basis in the dominant block, from ( ; ) to the \heavy" and \light" states (h; l); the
neutrino mass matrix becomes:
M0  m
0B@ 1 0 0  
  2
1CA ; (6)
where we assumed that the rotation is not a source of suppression for the M0el and M
0
eh
entries (no-special-zeroes hypothesis). We notice that the heaviest neutrino state, h; can
be integrated away, leaving us a two-flavour task; the only eect is that the M0ee entry
receives another contribution, but still of order 2: Like for eq. (4), the mixing of the
heaviest neutrino state with the electron neutrino is of order : The discussion related to
eq. (5) is still valid.
Oscillations of atmospheric neutrino set the mass scale in eq. (6) to m2  m
2
atm: Now
we study the possibility of incorporating also solar neutrino oscillations, taking advantage
of the parameter : For this sake, we rst rewrite the eective mixing matrix between the





p ; r 




(q is inclusive of the heavier neutrino \seesaw" contribution). The relation between the
elements of the neutrino mass matrix and the parameters of oscillation in vacuum is:8<: m
2 sin 2 = 2 m2atm jrj  jp
  + q 2j
m2 cos 2 = m2atm (jpj
2 2 − jqj2 4)
; (8)
m2  0 is non-negative, and  2 [0; =2]: The propagation in a medium with elec-
trons density e eectively modies the second term: m
2
eff cos 2eff = m
2 cos 2 −
2
p
2 E GF e: Thus, to have maximal eff due to the interplay of vacuum and matter
terms (MSW enhanced conversion [8]) we need  > 
2:
The allowed values of the oscillation parameters are delimited by the two curves:












These regions are represented in gure 1. Allowing for an excursion of a factor of 4 in
m2atm; and a factor of 2 in the moduli of the coecients q and r in previous equation, the
region extends by more than two orders of magnitude in m2 for any assigned value of :
The regions close to  = =4 correspond to  comparable to 2 (or smaller). The presence
of a large mixing is evident from eq. (7), since for such a small  the two neutrino states
form a quasi-Dirac neutrino of mass m   (degeneracy being broken at next order in ).
In this region, the range of values taken by  for xed m2 is due to the size of ; from the
bracketed term in eq. (9); the shrinking from NFS to the ABE value of  results clearly in
the gure. The transition from the  ’ =4 region, to the \typical" small mixing angles,
eq. (4), takes place for increasing ’s.
The large mixing angle solutions of the solar neutrino problems are easy to obtain
(gure 1). But it is possible to do even better, and reproduce the small mixing angle
MSW solution (SMA) at best t values [19] for:





= 2  10−3: (10)
The preliminary SK data on the shape of the electron spectrum tend to disfavour the large
angle solutions [20, 19]. The value in (10) is close to the value obtained in the ABE model,
but much smaller than in the NFS model (see gure 1). It is very well consistent with:
 = (cos c)
4 or (m=m )
2 (\small" value): (11)
Correspondingly to eq. (10), we have   5  10−2; that may be considered acceptable in
view of the smallness of  in the ABE model (3). The implementation of the small angle
solution is not possible without special arrangement in the parameters of order unity (a
suppression of r by a power of  is necessary to hit SMA solution). It is possible in
principle that a specic implementation of the NFS model [1] produces a violation of the
no-special-zeroes, but we don’t see the reason for that.
It is interesting to notice that, since maximal mixing (sin2 2 ’ 1) is permitted, com-
pletely averaged neutrino oscillations with survival probability P (e ! e) ’ 1=2 [21] are
possible. Many experimental informations on solar neutrinos can be accounted for in this
assumption, with the noticeable exception of the counting rate of the chlorine experiment
[22] and of the spectral shape at SK (a detailed study is in [23]). For m2 smaller than
4
those represented in the gure, it is possible to reproduce also the vacuum oscillation
solution, sometimes called just-so [24].
Let us now try to discuss the likelihood of the possible solutions we found. This of
course requires to make a priori assumptions, that are however necessary in order to make
the model predictive. In this respect, we remark that if we treat both  and  as free
parameters, any solar neutrino solution can be tted; so in our discussion we will keep 
as xed, using NFS (2) or ABE (3) values. A criterion for absence of ne-tuning is that 





This condition already gives us a lot of freedom: For the NFS model, the large angle mixing
(LMA) is possible; for the ABE model the SMA solution is possible. More specically, if
the origin of the smallness of  and of  is the same, we may expect   : This case is
interesting, since we can reproduce the LMA solution with a value of  close to the one of
the NFS model (2). Now, let us consider values  < : Even doing this, we meet a second
(but of course weaker) ne tuning criterion. As visible in gure 1, it is possible to obtain
m2 as small as desired, in the region where the two curves become vertical. This requires,
however, a special arrangement between the phases and moduli of p and q; and   2;
as one veries from eq. (8). The border of the region of parameter space in which it is
not necessary to admit this delicate ne tuning can be estimated assuming  = 0: This
implies:




In this case, also the solution denoted as LOW in [19] can be incorporated by both NFS
and ABE models (gure 1); similarly, it is possible to nd agreement with the low m2
(and large angle) solutions that are suggested by the analysis of the SK data alone [20].
Averaged solutions are \more natural" for large values of  (like those in eq. (5)). Quite
small ’s, or more ne-tuning, are required to get vacuum oscillation solutions.
Summarizing, the \specic" form of the ansatz{eq. (6){is able to incorporate MSW
solutions of the solar neutrino problem, with large (NFS model) or small mixing angle
(ABE model), or even other possibilities. In order to state actual predictions, precise
values should be given for the overall mass scale m ; for  and for the coecients of order
unity.
3 Specic forms of the ansatz: LSND anomaly, dark matter
Let us consider now a second possibility, in which we simply neglect the solar neutrino
problem. In the case in which the mass scale m is large, we can still take advantage of
the presence of large mixing angles in the ansatz (4) and explain the atmospheric neutrino






As in Section 2, we assume that this arises as a sort of ne structure of the dominant
block. In the terminology of Section 1, we are specifying the general ansatz (1) relaxing
the no-degeneracy hypothesis.
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In the rst variant, we can use the small mixing angles (4) of the electron neutrino
with the heavy states to explain the LSND anomaly [9]. This can be done in the NFS
model, if m  0:7 eV (Mheavy  4  10
13 GeV), that implies for the ne tuning parameter
 = 4  10−3: It is not possible, instead, to account for LSND anomaly in the ABE model
since the angle is too small.
In the second variant, we consider a larger mass scale, m  2:5 eV, related to two-
neutrino hot dark matter component (2HDM), Ω = 1 cosmological model [25]. This
assumption is not consistent with the bounds from reactor experiments [26] in the model
NFS (sin2 2 should be reduced by one order of magnitude), whereas the ABE value for
 is ne, again because of the small mixing angle. The parameter  and the heavy scale
Mheavy are smaller than in the previous case.
4 Conclusions and perspectives
The principle of connecting neutrino masses to family structure is very attractive. A
related ansatz for massive neutrinos was discussed, both in its generic form (1) (with
parameters m and ) and in its specic form (6) (with the additional parameter ).
The clearest feature of the ansatz considered is about atmospheric neutrinos. Due to
the smallness of ; almost pure −  oscillations take place. Many relevant tests will be
possible in the relatively short term:
1) The analysis of low energy induced stopping muons, and partially contained events
(presented in preliminary form by the MACRO and SK collaboration [6]).
2) The search of \oscillated"  flux via neutral current induced events [27]. To perform
this inference from observed events, a detailed knowledge of the low energy neutrino in-
teractions is required2. A failure of the detection would rule out the model.
3) The studies of a subdominant electron neutrino component in atmospheric neutrinos,
and further reactor studies. Both should give null result, except if  is large, as in eq. (5).
4) A cross-check, or in any case an improvement of our knowledge on the parameter m2atm
in long baseline experiments.
5) The search of charged current induced  ’s, produced either in articial beams, or by
the atmospheric neutrinos themselves (for some elements for a discussion, see [17]).
The theoretically weak point of the model is that the scale Mheavy is tted, not predicted.
However, it is appealing that the scale is 1 − 2 orders of magnitude smaller than the
(minimal SU(5)) supersymmetric grand unication scale (in the variants considered in the
previous Section, it is even smaller). Since, in a predictive model for the scale, there are
typically perturbative couplings y (y < 1) such that v2=Mheavy  y
2v2=MX ; the actual
scale MX is expected to be lower than Mheavy : Hence, there is a strong suggestion for the
existence of an intermediate mass scale, possibly right handed neutrinos, even if this is
not an unescapable conclusion (for instance, neutrino masses may be related to a \direct"
mass term [28]).
We summarize in table 1 other observable features that the ansatz can incorporate,
using eqs. (2) and (3) for ; and using the additional small parameter  in all but the rst
case. Other interesting values of  have been discussed in (5) and (11). The explanation
of any of these facts (among solar neutrino oscillations, LSND anomaly and dark matter
2New experimental informations will be obtained already at the \close" detector of the K2K experiment
[4, 5].
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CP=  SMA  LMA  LOW  aver. LSND 2HDM
ABE no yes no yes yes no yes
NFS yes no yes yes yes yes no
Table 1: Alternative facts that can be incorporated by the models NFS (2) and ABE (3)
together with atmospheric neutrino oscillations.
neutrinos) will preclude the explanation of the other ones: The model can be brought to
logical contradiction if two (or three) facts were conrmed. Among the implications, it
is interesting that the small mixing angle MSW solution can not be implemented in the
NFS model without ne-tunings.
To increase the predictivity of the ansatz, a detailed theory of the coecients of order
unity, and of the structure of the dominant block is necessary.
It is a pleasure to thank Riccardo Barbieri and Ferruccio Feruglio for helpful corre-
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Figure 1: Allowed regions for solar neutrino parameters in the NFS and ABE models.
Observed counting rates in solar neutrino experiments can be explained in the vicinity
of the indicated points [19]: dotted, void and lled circles correspond to (best t) SMA,
LMA and LOW \solutions". The dotted line denotes the lower value of m2 compatible
with the ne tuning condition (13).
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